Abstract-Results of a self-consistent computational analysis based on a mathematical model of resonance scattering and generation of waves on an isotropic nonmagnetic nonlinear layered dielectric structure excited by a packet of plane waves are presented, where the analysis is performed in the domain of resonance frequencies. Physically interesting properties of the nonlinear permittivities of the layers as well as their scattering and generation characteristics are obtained, for instance the characteristic dynamical behaviour of the relative Q-factor of the eigenmodes and the energy of higher harmonics generated by canalising as well as decanalising nonlinear layers. The results demonstrate the possibility to control the scattering and generating properties of a nonlinear structure by means of the excitation intensities.
INTRODUCTION
We investigate the problem of scattering and generation of waves on an isotropic, nonmagnetic, linearly polarised (E-polarisation), nonlinear, layered, cubically polarisable, dielectric structure, which is excited by a packet of plane waves, in the domain of resonance frequencies. We consider wave packets consisting of both a strong electromagnetic field at the excitation frequency and weak fields at multiple frequencies.
The resulting mathematical model can be represented equivalently by a system of nonlinear boundary-value problems of Sturm-Liouville type or by a system of one-dimensional nonlinear integral equations.
The solution of the latter system is approximated numerically by the help of a quadrature method. The numerical algorithms of the solution of the nonlinear problems are based on iterative procedures which require the solution of a linear system in each step. The analytical continuation of these linear problems into the region of complex values of the frequency parameter allows us to switch to the investigation of spectral problems.
Some results of calculations of characteristics of the scattered field of a plane wave are presented, taking into account the third harmonic generated by nonlinear cubically polarisable layers with both negative as well as positive values of the cubic susceptibility of the medium. We show that layers with negative and positive values of the coefficient of cubic susceptibility of the nonlinear medium have fundamentally different scattering and generation properties in the domain of resonance. In the case of negative/positive values of the susceptibility, a decanalisation/canalisation of the electromagnetic field can be observed.
The paper is organized as follows: In the subsequent section, we introduce the mathematical model. Then, in Section 3, we describe the basic elements of the numerical method. The main part is formed by Section 4, where we discuss the results of numerical simulations of single-layered structures with both negative (Subsection 4.1) as well as positive (Subsection 4.2) values of the cubic susceptibility.
WAVE PROPAGATION IN NONLINEAR MEDIA WITH CUBIC POLARISABILITY
We consider nonlinear media which are located in the region r = (x, y, z) ∈ R 3 : |z| ≤ 2πδ , δ > 0 (cf. Figure 1) , such that the vector of the polarisation moment P can be expanded as P = χ (1) E + (χ (2) E)E + ((χ (3) E)E)E + . . ., where χ (1) , χ (2) , χ (3) are the media susceptibility tensors. In the case of isotropic media, the quadratic term disappears. It is convenient to split P into its linear and nonlinear parts as P = P (L) + P (N L) := χ (1) E + P (N L) . Similarly, with ε := I + 4πχ (1) , the electric displacement field can be decomposed as
(N L) .
(1) Furthermore, if the media under consideration are nonmagnetic, isotropic and transversely inhomogeneous w.r.t. z, i.e., ε = ε (L) I with a scalar, possibly complex-valued function ε (L) = ε (L) (z), if the wave is linearly E-polarised, i.e.,
and if the electric field E is homogeneous w.r.t. the coordinate x, i.e., E(r, t) = (E 1 (t; y, z), 0, 0) , then the Maxwell's equations together with (1) reduce to
where ∇ 2 := ∂ 2 /∂y 2 + ∂ 2 /∂z 2 .
A stationary electromagnetic wave (with oscillation frequency ω > 0) propagating in a weakly nonlinear dielectric structure gives rise to a field containing all frequency harmonics (see [1, 21] ). Therefore, representing E, P (N L) via Fourier series (F ∈ {E, P (N L) }) F(r, t) = 1 2 n∈Z F(r, nω)e −inωt , we obtain from (3) an infinite system of coupled equations w.r.t. the Fourier amplitudes. In the case of a three-component E-polarised electromagnetic field (cf. (2) ) this system reduces to a system of scalar equations w.r.t. E 1 :
We assume that the main contribution to the nonlinearity is introduced by the term P (N L) (r, sω) (cf. [3-6, 11, 13, 14, 17, 19, 23, 24] ), and we take only the lowest-order terms in the Taylor series expansion of the nonlinear part
(r, sω), 0, 0) of the polarisation vector in the vicinity of the zero value of the electric field intensity. In this case, the only nontrivial component of the polarisation vector is determined by the susceptibility tensor χ (3) = {χ (3) ijkl } 3 i,j,k,l=1 , and we have that P
1111 (sω; jω, −jω, sω)|E 1 (r, jω)| 2 E 1 (r, sω)
(the condition of phase synchronism of waves, see [5] ), (C3) The tangential components E tg (nκ; y, z) and H tg (nκ; y, z) of the intensity vectors (i.e., E 1 (nκ; y, z) and H 2 (nκ; y, z)) are continuous at the interfaces |z| = 2πδ,
(the radiation condition). The condition (C4) provides a physically consistent behaviour of the energy characteristics of scattering and guarantees the absence of waves coming from infinity (i.e., z = ±∞), see [16] . The desired solution is of the form (n = 1, 2, 3):
Substituting this representation into (7), the following system of nonlinear ordinary differential equations results (n = 1, 2, 3):
By elementary calculations, from (C3) we obtain the boundary conditions (n = 1, 2, 3):
The system of ordinary differential Equation (9) and the boundary conditions (10) form a semi-linear boundary-value problem of SturmLiouville type, see also [4-6, 17, 18, 24] . The problem (7), (C1)-(C4) can also be reduced to finding solutions of one-dimensional nonlinear integral equations w.r.t. U (nκ; ·) ∈ L 2 (−2πδ, 2πδ), n = 1, 2, 3, cf. [4-6, 11, 16-18, 24] :
exp(iΓ nκ |z − ξ|) 
with γ := πδκ/ cos ϕ. Then the iteration
NUMERICAL INVESTIGATION OF THE NONLINEAR INTEGRAL EQUATIONS AND SPECTRAL PROBLEMS
The application of suitable quadrature rules to the system of nonlinear integral Equation (11) as described in [4] [5] [6] leads to a system of complex-valued nonlinear algebraic equations:
where we use a discrete set {z l } N l=1 of nodes such that −2πδ =:
and B nκ (U κ , U 2κ , U 3κ ) are the matrices generated by the quadrature method. The right-hand side of (12) is defined by
where the numbers A m are the coefficients determined by the quadrature rule. The solution of (12) can be found iteratively, where at each step a system of linearised nonlinear complex-valued algebraic equations is solved.
The system of nonlinear integral Equation (11) can be linearised directly by freezing the permittivities ε nκ . The analytic continuation of these linearised nonlinear problems into the region of complex values of the frequency parameter allows us to switch to the analysis of spectral problems. That is, the eigen-frequencies and the eigen-fields of the homogeneous linear problems with an induced nonlinear permittivity are to be determined. Analogously as above but at the discrete level we obtain a set of independent systems of linear algebraic equations depending nonlinearly on the spectral parameter:
where κ n ∈ Ω nκ ⊂ H nκ , at κ = κ inc , n = 1, 2, 3, Ω nκ are the discrete sets of eigen-frequencies and H nκ denote two-sheeted Riemann surfaces (see [6] and Figure 2) . B nκ (κ n ) := B nκ (κ n ; U κ , U 2κ , U 3κ ) for U nκ given. The spectral problem of finding the eigen-frequencies κ n and the corresponding eigen-fields U κ n (i.e., the nontrivial solutions of the linearized homogeneous integral equations) reduces to the following equations:
Figure 2. The two-sheeted Riemann surfaces H nκ .
NUMERICAL RESULTS
Consider the excitation of the nonlinear structure by a strong incident field at the basic frequency κ and, in addition, by weak incident quasi-homogeneous electromagnetic fields at the double and triple frequencies 2κ, 3κ (see (6) ), i.e.,
The desired solution of the scattering and generation problem (7), (C1)-(C4) (or of the equivalent problem (11)) are represented as in (8) .
The solution of (12) is obtained by means of successive approximations using the self-consistent approach based on an iterative algorithm. In contrast to other techniques such as, e.g., the preset-field method, the self-consistent approach is characterized by the direct application of a numerical solver for nonlinear algebraic equation systems to (12) . For a comparison of different possibilities to solve the system (12) the reader is referred to [8] .
In order to describe the scattering and generation properties of the nonlinear structure in the zones of reflection z > 2πδ and transmission z < −2πδ, we introduce the following notation: 
is satisfied. This equation generalises the law of conservation of energy which has been treated in [16, 20] for the case of a single incident field and a single equation. If we define by
the total energy of the scattered and generated fields at the frequencies nκ, n = 1, 2, 3, then the energy balance Equation (16) can be rewritten as
In the numerical experiments, the quantities W 3κ /W κ (which characterises the portion of energy generated in the third harmonic in comparison to the energy scattered in the nonlinear layer) and
(which characterises the numerical violation of the energy balance) are of particular interest. We emphasize that in the numerical simulation of scattering and generation processes without any weak fields, i.e., a inc 2κ = a inc 3κ = 0, the residual of the energy balance Equation (16) does not exceed the value |W (Error) | < 10 −8 . However, taking into consideration the impact of weak fields in the numerical simulation of the same scattering and generation processes, i.e., a inc nκ = 0, n = 2, 3, the error in the balance Equation (16) can reach up to several percent. This indicates that the intensities of the exciting weak fields are sufficiently large such that these fields become also sources for the generation of oscillations. For such situations, the presented mathematical model (7), (C1)-(C4) and the linearised nonlinear spectral problems should take into account the complex Fourier amplitudes of the oscillations at the frequencies nκ for numbers n > 3. Furthermore we observe, on the one hand, situations in which the influence of a weak field a inc 2κ = 0 on the scattering and generation process of oscillations leads to small errors in the energy balance Equation (16) not exceeding 2% (that is |W (Error) | < 0.02), and, on the other hand, situations in which the error can reach 6% (that is |W (Error) | < 0.06 there, where in the region of generation of oscillations the condition (15) is violated). The scattering, generating, energetic, and dielectric properties of the nonlinear layer are illustrated by surfaces in dependence on the parameters of the particular problem. The bottom chart depicts the surface of the value of the residual W (Error) of the energy balance Equation (see (17) ) and its projection onto the top horizontal plane of the figure. In particular, by the help of these graphs it is easy to localise that region of parameters of the problem, where the error of the energy balance does not exceed a given value, that is |W (Error) | < const.
The spectral characteristics of the linearised nonlinear problems with the induced dielectric permittivity at the frequencies nκ, n = 1, 2, 3, of excitation and generation were calculated by means of the algorithm (14) . In the graphical illustration of the eigen-fields U κn we have set a κ n := 1 for κ n ∈ Ω nκ ⊂ H nκ , n = 1, 2, 3. Finally we mention that the later-used classification of scattered, generated or eigen-fields of the dielectric layer by the H m,l,p -type is identical to that given in [15, 16, 22] . In the case of E-polarisation, H m,l,p (or T E m,l,p ) denotes the type of polarisation of the wave field under investigation. The subscripts indicate the number of local maxima of |E 1 | (or |U |, as |E 1 | = |U |) along the coordinate axes x, y and z (see Figure 1 ). Since the considered waves are homogeneous along the x-axis and quasihomogeneous along the y-axis, we study actually fields of the type H 0,0,p (or T E 0,0,p ), where the subscript p is equal to the number of local maxima of the function |U | of the argument
In what follows we will consider a single-layered structure with a dielectric permittivity 
. . . graphs labeled by "0".
A Single-layered Structure with a Negative Value of the Cubic Susceptibility
The Figure 3 - Figure 6 demonstrate the electrodynamical properties of a nonlinear decanalising layer with a constant cubic susceptibility α(z) := −0.01. The results shown in Figure 3 allow us to understand the dynamical behaviour of the quantity W 3κ /W κ characterising the ratio of the generated and scattered energies. Figure 3 shows the dependence of W 3κ /W κ on the angle of incidence ϕ κ and on the amplitude a inc κ of the incident field for the case a inc 2κ = 2 3 a inc κ . It describes the portion of energy generated in the third harmonic by the nonlinear layer when a plane wave at the excitation frequency κ and with the amplitude a inc κ is passing the layer under the angle of incidence ϕ κ . For example, in Figure 3 (a) the maximum value of W 3κ /W κ and the value W (Error) are reached at the following parameters
The results depicted in Figure 3(a) show that the maximal portion of the total energy generated in the third harmonic is observed in the direction normal to the structure, cf. the behaviour of the surfaces
The right diagram in Figure 3 displays some graphs characterising the scattering and generation properties of the nonlinear structure. Graph #0.0 illustrates the value of the linear part ε (L) = 16 of the permittivity of the nonlinear layered structure. Graphs # n.1 and # n.2 show the real and imaginary parts of the permittivities at the frequencies nκ, n = 1, 2, 3. The figure also shows the absolute values 
|U (κ; z)|, |U (2κ; z)| of the amplitudes of the full scattered fields at the frequencies of excitation κ, 2κ (graphs #1, #2) and |U (3κ; z)| of the generated field at the frequency 3κ (graph #3). The values |U (nκ; z)| are given in the nonlinear layered structure (|z| ≤ 2πδ) and outside it (i.e., in the zones of reflection z > 2πδ and transmission z < −2πδ). Here W (Error) = −1.902471 · 10 −2 , i.e., the error in the energy balance is less than 1.9% (b).
The nonlinear parts ε
of the dielectric permittivity at each frequency nκ depend on the values U nκ := U (nκ; z), n = 1, 2, 3, Figure 4 . Graphs characterising the nonlinear dielectric permittivity , z characterises the loss of energy in the nonlinear layer at the excitation frequencies nκ, n = 1, 2, caused by the generation of the electromagnetic field of the third harmonic. Such a situation arises because of the right-hand side of (7) at the triple frequency and the generation which is evoked by the righthand side of (7) at the basic frequency. In our case Im[ε (L) (z)] = 0 and Im[α(z)] = 0, therefore, induce a small amplitude of the function Im(ε nκ ), i.e., |Im(ε nκ )| ≈ 0. The increase of a inc κ corresponds to a strong incident field and leads to the generation of a third harmonic field U (3κ; z), and the increase of a inc 2κ changes the behaviour of ε nκ (compare the surface #0 with the surface #2/3 in Figure 4 ). Figures 4(b) , (d), (f) shows the dynamical behaviour of Im(ε nκ ). It can be seen that Im(ε 3κ ) = 0, whereas at the same time the values of Im(ε nκ ), n = 1, 2, may be positive or negative along the height of the nonlinear layer, i.e., in the interval z ∈ [−2πδ, 2πδ], see (18) . The zero values of Im(ε nκ ), n = 1, 2, are determined by the phase relations between the scattered and the generated fields in the nonlinear layer, namely at the basic frequency κ by the phase relation between U (κ; z), U (3κ; z), and at the double frequency 2κ by the phases of {U (nκ; z)} n=1,2,3 , see (18):
We mention that the behaviour of both the quantities Im(ε nκ ) and
plays an essential role in the process of third harmonic generation.
We mention that the impact of a strong electromagnetic field with an amplitude a inc κ even in the absence of a weak field a inc 2κ = 0 (where U (2κ; z) = 0) induces a nontrivial component of the nonlinear dielectric permittivity at the frequency 2κ. Figures 4(c) , (d) show that the existence of nontrivial values Re(ε 2κ ) = Re(ε (L) ) and Im(ε 2κ ) = 0 is caused by the amplitude and phase characteristics of the fields U (κ; z) and U (3κ; z). Moreover, the nonlinear component of the dielectric permittivity, which is responsible for the variation of Im(ε nκ ) (and Re(ε nκ − ε 3κ )), does not depend on the absolute value of the amplitude of the field at the double frequency |U (2κ; z)|, see (19) and (18) . Thus, even a weak field includes a mechanism for the redistribution of the energy of the incident wave packet which is consumed for the scattering process and the generation of waves, cf. the dynamics of the surfaces #0 with #2/3 in Figure 4 .
The scattering and generation properties of the nonlinear structure in the ranges a inc κ ∈ [1, 24] , a inc 2κ = 2 3 a inc κ and ϕ κ = 0 • of the parameters of the incident field are presented in Figures 5&6(a) . Figure 5 shows the same dependencies as Figure 6 (a) but with the additional parameter a inc 2κ . So it is possible to track the dynamics of the scattering, generation and energy characteristics of the nonlinear layer under the influence of an incident wave package consisting of a strong and a weak magnetic field with amplitudes a inc κ and a inc 2κ , resp. The graphs in Figure 6 show the dynamics of the scatter-
) properties of the structure.
In the resonant range of wave scattering and generation frequencies, i.e., κ scat := κ inc = κ and κ gen = 3κ, resp., the dynamical behaviour of the characteristic quantities depicted in Figure 6 has the following causes. The scattering and generation frequencies are close to the corresponding eigen-frequencies of the linear (α = 0) and linearised nonlinear (α = 0) spectral problems. Furthermore, the distance Figure 5 . The scattering and generation properties of the nonlinear structure in dependence on
between the corresponding eigen-frequencies of the spectral problems with α = 0 and α = 0 is small. Thus, the graphs in Figure 6 (a) can be compared with the dynamical behaviour of the branches of the eigen-frequencies of the spectral problems presented in Figure 6 (b). The graphs of the eigen-fields corresponding to the branches of the considered eigen-frequencies are shown in Figures 6(e) , (f).
Let us denote by
the Q-factors of the eigenoscillations of the spectral problem (14) at the frequencies κ n ∈ Ω nκ ⊂ H nκ , see [7, 16] and Figure 6 (c). In the numerical experiments, the function Q 13 (a inc nκ ) := Q κ 1 (a inc nκ )/Q κ 3 (a inc nκ ) of the relative Q-factor of the eigenoscillations is of particular interest, see Figure 6 (d). For an increasing amplitude of the exciting field, an increase of the generated energy in the higher harmonics is accompanied by a monotonic decrease of the relative Q-factor of the eigenoscillations, see 
3 ) (#4.2) of the linear problem (α = 0) and Re(κ
) (#6.2) of the linearised nonlinear problem (α = −0.01) for ϕ κ = 0 • ; the Qfactors of eigenoscillations of the spectral problem at α = −0.01, 
nκ , n = 1, 2, 3. The nonlinear components of the permittivity at the scattering (excitation) frequencies κ scat := κ inc = κ and the generation frequencies κ gen := 3κ depend on the amplitude a inc κ and the angle of incidence ϕ κ of the incident field. This is reflected in the dynamics of the behaviour of the complex-valued eigen-frequencies of the linear and the linearised nonlinear layer.
We start the discussion of the results of our calculations with the comparison of the dispersion relations given by the branches of the eigen-frequencies (curves #3.1, #3.2 and #5.1, #5.2) near the scattering frequency (curve #1, corresponding to the excitation frequency) and (curves #4.1, #4.2, #6.1, #6.2) near the oscillation frequency (line #2) in the situations presented in Figure 6 (b). The graph #5.1 lies above the graph #3.1 and the graph #6.1 above the graph #4.1. That is, decanalising properties (properties of transparency) of the nonlinear layer occur if α < 0.
Comparing the results shown in Figure 6 (a) and Figure 6 (b) we note the following. The dynamics of the change of the scattering properties R κ , T κ of the nonlinear layer (compare the behaviour of curves #1 and #2 in Figure 6 (a)) depends on the magnitude of the distance between the curves #3.1 and #5.1 in Figure 6 
A Single-layered Structure with a Positive Value of the Cubic Susceptibility
In this subsection we present and discuss results of the numerical analysis of scattering and generation properties as well as the eigen-modes of the dielectric layer with a positive value of the cubic susceptibility of the medium. The electrodynamical properties of a nonlinear canalising layer are depicted in the Figure 7 - Figure 11 for the case of a constant cubic susceptibility α(z) := +0.01.
The results shown in Figure 7 allow us to track the dynamical behaviour of the quantity W 3κ /W κ characterising the ratio of the generated and scattered energies. Figure 7 shows the dependence of W 3κ /W κ on the angle of incidence ϕ κ and on the amplitude a inc κ of the incident field for different relations between a inc 2κ and a inc κ . It describes the portion of energy generated in the third harmonic by the nonlinear layer when a plane wave at the excitation frequency κ and with the amplitude a inc κ is passing the layer under the angle of incidence ϕ κ . It can be seen that the weaker incident field at the frequency 2κ leads to an increase of W 3κ /W κ in comparison with the situation where the structure is excited only by a single field at the basic frequency κ. For example, in Figure 7 Figure 7 . The portion of energy generated in the third harmonic:
a inc 2κ = 0 and ϕ κ = 66 • (see the graph #3 in Figure 8 (a)) indicates that W 3κ is 35.58% of W κ . This is the maximum value of W 3κ /W κ that has been achieved in the case of a single incident field at the basic frequency κ.
The right diagram in Figure 8 displays some graphs characterising the scattering and generation properties of the nonlinear structure. Graph #0.0 illustrates the value of the linear part ε (L) = 16 of the permittivity of the nonlinear layered structure. Graphs # n.1 and # n.2 show the real and imaginary parts of the permittivities at the frequencies nκ, n = 1, 2, 3. The figure also shows the absolute values |U (κ; z)|, |U (2κ; z)| of the amplitudes of the full scattered fields at the frequencies of excitation κ, 2κ (graphs #1, #2) and |U (3κ; z)| of the generated field at the frequency 3κ (graph #3). The values |U (nκ; z)| are given in the nonlinear layered structure (|z| ≤ 2πδ) and outside it (i.e., in the zones of reflection z > 2πδ and transmission z < −2πδ). Here W (Error) = −5.782328 · 10 −3 , i.e., the error in the energy balance is less than 0.58% (b).
The nonlinear parts ε , z]) characterises the loss of energy in the nonlinear layer at the excitation frequencies nκ, n = 1, 2, caused by the generation of the electromagnetic field of the third harmonic. Such a situation arises because of the right-hand side of (7) at the triple frequency and the generation which is evoked by the righthand side of (7) at the basic frequency. From Figures 9(b), (d), (f) we see that small values of a inc κ and a inc 2κ induce a small amplitude of the function Im(ε nκ ), i.e., |Im(ε nκ )| ≈ 0. The increase of a inc
(e) (f) Figure 9 . Graphs characterising the nonlinear dielectric permittivity
corresponds to a strong incident field and leads to the generation of a third harmonic field U (3κ; z), and the increase of a inc 2κ changes the behaviour of ε nκ (compare the surface #0 with the surfaces #1/3 and #2/3 in Figure 9 . Figures 9(b), (d), (f) show the dynamical behaviour of Im(ε nκ ). It can be seen that Im(ε 3κ ) = 0, whereas at the same time the values of Im(ε nκ ), n = 1, 2, may be positive or negative along the height of the nonlinear layer, i.e., in the interval z ∈ [−2πδ, 2πδ], see (18) . The zero values of Im(ε nκ ), n = 1, 2, are determined by the phase relations between the scattered and the generated fields in the nonlinear layer, namely at the basic frequency κ by the phase relation between U (κ; z), U (3κ; z), and at the double frequency 2κ by the phases of {U (nκ; z)} n=1,2,3 , see (18):
As in the previous subsection we see that the behaviour of both the quantities Re(ε nκ ) and Im(ε nκ ) (see (19) ) plays an essential role in the process of third harmonic generation.
We mention that the impact of a strong electromagnetic field with an amplitude a inc κ even in the absence of a weak field a inc 2κ = 0 (where U (2κ; z) = 0) induces a nontrivial component of the nonlinear dielectric permittivity at the frequency 2κ. Figure 9 (c) shows that the existence of nontrivial values Re(ε 2κ ) = Re(ε (L) ) and Im(ε 2κ ) = 0 is caused by the amplitude and phase characteristics of the fields U (κ; z) and U (3κ; z). Moreover, the nonlinear component of the dielectric permittivity, which is responsible for the variation of Re(ε nκ − ε 3κ ) and Im(ε nκ ), does not depend on the absolute value of the amplitude of the field at the double frequency |U (2κ; z)|, see (19) and (18) . Thus, even a weak field includes a mechanism for the redistribution of the energy of the incident wave packet which is consumed for the scattering process and the generation of waves, cf. the dynamics of the surfaces #0 with #1/3 in Figure 9 .
The scattering and generation properties of the nonlinear structure are presented in Figures 10&11. Figure 10 shows the same dependencies as in Figures 11(a) , (b) but with the additional parameter a inc 2κ so that it is possible to track the dynamics of the scattering, generation and energy characteristics of the nonlinear layer under the influence of an incident wave package consisting of a strong and a weak magnetic field with amplitudes a inc κ and a inc 2κ , resp. The top left diagram in Figure 11 shows the dynamics of the scattering (
properties of the structure as well Figure 10 . The scattering and generation properties of the nonlinear structure in dependence on Figure 7 (a)) for ϕ κ = 60 • and a inc κ = 9.93. In the resonant range of wave scattering and generation frequencies, i.e., κ scat := κ inc = κ and κ gen = 3κ, resp., the dynamical behaviour of the characteristic quantities depicted in Figures 10&11 has the following causes. The scattering and generation frequencies are close to the corresponding eigen-frequencies of the linear (α = 0) and linearised nonlinear (α = 0) spectral problems. Furthermore, the distance between the corresponding eigen-frequencies of the spectral problems with α = 0 and α = 0 is small. The graphs of the eigen-fields corresponding to the branches of the considered eigen-frequencies are shown in Figures 11(e), (f) .
The second row in Figure 11 depicts the Q-factors Q κ 1 , Q κ 3 (see (20) ) and the quantities Q κ 1 (a inc nκ )/Q κ 3 (a inc nκ ),
. We see that the increase in the amplitude of the incident field leads to an increase in the Q-factor of the triple frequency, whereas in the behaviour of the Q-factor of the basic frequency a local minimum is observed, see Figure 11 (c). The decrease of Q κ 1 at the left-hand side of its local minimum can be correlated with the energy spent on
) (#6.2) of the linearised nonlinear problem (α = +0.01) for ϕ κ = 60 • ; the Q-factors of eigenoscillations of the spectral problem at α = +0.01, κ inc = 0.375, Figure 11(a) ). The maximal generation (see #7 in Figure 11(a) ) is achieved at the minimum of Q κ 1 (see #1 in Figure 11 (c) or #13 in Figure 11(d) ). Note that in our case study we observe that Q κ 1 /Q κ 3 ≈ 1 3 Im(κ 3 )/Im(κ 1 ), see #13 and #2 in Figure 11(d) . Figure 11 (b) illustrates the dispersion characteristics of the linear (α = 0) and the linearised nonlinear (α = +0.01
The nonlinear components of the permittivity at the scattering (excitation) frequencies κ scat := κ inc = κ and the generation frequencies κ gen := 3κ depend on the amplitude a inc κ and the angle of incidence ϕ κ of the incident field. This is reflected in the dynamics of the behaviour of the complex-valued eigen-frequencies of the linear and the linearised nonlinear layer.
We start the analysis of the results of our calculations with the comparison of the dispersion relations given by the branches of the eigen-frequencies (curves #3.1, #3.2 and #5.1, #5.2) near the scattering frequency (curve #1, corresponding to the excitation frequency) and (curves #4.1, #4.2, #6.1, #6.2) near the oscillation frequency (line #2) in the situations presented in Figure 11 (b). The graph #5.1 lies below the graph #3.1 and the graph #6.1 below the graph #4.1. That is, canalising properties (properties of transparency) of the nonlinear layer occur if α > 0. This case is characterised by the increase of the angle of transparency of the nonlinear structure at the excitation frequency with an increasing amplitude of the incident field. The analysis of the eigen-modes of Figure 11 (b) allows us to explain the mechanisms of the canalisation phenomena (transparency) (see Figure 11 (a) (graph #1)) and wave generation (see Figure 11 (a) (graphs #5, #6)).
Comparing the results shown in Figure 11 (a) and Figure 11 (b) we note the following. The intersection of the curves #1 and #5.1 in Figure 11 (b) defines certain parameters, in the neighborhood of which the canalisation effect (transparency) of the nonlinear structure can be observed in Figure 11 (a). For example, in Figure 11 (b) the curves #1 and #5.1 intersect at a inc κ = 9.5, also here the curve #5.2 achieves a local maximum. Near this value, we see the phenomenon of canalisation (transparency) of the layer in Figure 11(a) . At the point of intersection of the curves #2 and #6.1, the graph #5.2 starts to decrease monotonically in some interval. The intersection of the curves #2 and #6.1 defines the parameter a inc κ = 12.6, which falls into the range [9.5, 13.6 ] of values of the amplitudes at which the curve #5.2 is monotonically decreasing. This leads to a shift in the imaginary part of the eigen-frequency of the scattering structure (graph #5.2) with respect to the eigen-frequency of the generating structure (graph #6.2). The magnitude of the shift depends on the distance between the curves of #6.2 and #5.2 at the given value a inc κ . The maximal distance between the graphs #6.2 and #5.2 is achieved at the local minimum of the graph #5.2 at a inc κ = 13.6. Right from this point, i.e., with an increasing amplitude a inc κ , the distance between the graphs #6.2 and #5.2 shows no significant change. The maximum value of the generation is achieved at an amplitude close to the intersection of curves #2 and #6.1, but shifted to the point of the local minimum of the curve #5.2, see R 3κ , T 3κ , W 3κ /W κ in Figure 11 (a) and Figure 7 (b).
Figures 11(e), (f) present the characteristic distribution of the eigen-fields corresponding to the branches of the eigen-frequencies under consideration. The graphs of the eigen-fields of type H 0,0,4 are labeled by #1, the graphs of the eigen-fields of type H 0,0,10 by #2.
The numerical results presented in this paper were obtained using an approach based on the description of the wave scattering and generation processes in a nonlinear, cubically polarisable layer by a system of nonlinear integral Equation (11), and of the corresponding spectral problems by the nontrivial solutions of (14) . We have considered an excitation of the nonlinear layer defined by the condition (15) . For this case we passed from (11) to (12) and from (13) to (14) by the help of Simpson's quadrature rule. The numerical solution of (12) was obtained using the self-consistent iterative algorithm ( [5, 6] ). The problem (14) was solved by means of Newton's method. In the investigated range of parameters, the dimension of the resulting systems of algebraic equations was N = 301, and the relative error of calculations did not exceed ξ = 10 −7 .
CONCLUSION
We presented results of a computational analysis based on a mathematical model of resonance scattering and generation of waves on an isotropic nonmagnetic nonlinear layered dielectric structure excited by a packet of plane waves in a self-consistent formulation, where the analysis is performed in the domain of resonance frequencies [2, 5, 6] . Here, both the radio [9] and optical [12] frequency ranges are of interest. The wave packets consist of both strong electromagnetic fields at the excitation frequency of the nonlinear structure (leading to the generation of waves) and of weak fields at the multiple frequencies (which do not lead to the generation of harmonics but influence on the process of scattering and generation of waves by the nonlinear structure). The model reduces to a system of nonlinear boundaryvalue problems of Sturm-Liouville type or, equivalently, to a system of nonlinear integral equations. The solution of these nonlinear problems was obtained rigorously in a self-consistent formulation and without using approximations of the given field, slowly varying amplitudes etc..
The approximate solution of the nonlinear problems was obtained by means of solutions of linear problems with an induced nonlinear dielectric permeability. The analytical continuation of these linear problems into the region of complex values of the frequency parameter allowed us to switch to the analysis of spectral problems. In the frequency domain, the resonant scattering and generation properties of nonlinear structures are determined by the proximity of the excitation frequencies of the nonlinear structures to the complex eigen-frequencies of the corresponding homogeneous linear spectral problems with the induced nonlinear dielectric permeability of the medium.
We presented a collection of numerical results that describe interesting properties of the nonlinear permittivities of the layers as well as their scattering and generation characteristics. In particular, for a nonlinear single-layered structure with decanalising properties, the effect of type conversion of generated oscillations was observed.
We were able to show the characteristic dynamical behaviour of the relative Q-factor of the eigenmodes and the energy of higher harmonics generated by canalising as well as decanalising nonlinear layers. For an increasing amplitude of the exciting field, an increase of the generated energy in the higher harmonics is accompanied by a monotonic decrease of the relative Q-factor of the eigenoscillations.
The results demonstrate the possibility to control the scattering and generating properties of a nonlinear structure via the intensities of its excitation fields. They also indicate a possibility of designing a frequency multiplier and other electrodynamical devices containing nonlinear dielectrics with controllable permittivity.
